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From the above relations, we easily obtain

Ci (1) =exp{ —i(k,7y) }Cr (7,). (48)

In case the scalar product (k, ry) is an integral mul-
tiple of 2«7, then the operators Cx (7y) and Ck (1)
are equal and hence the operators exp{ —i(k, )}
and T r,commute.

The scalar product (K, r) vanishes when the
wave vector K is the inverse of the vector 7, or
when the K is given by the relation

A.D. JANNUSSIS

k=3 Hxr|= ~A(r) (49)
and the vectors T, T; and H are coplanar.

In the case 1y =Ty we obtain the Harper’s opera-
tor (40).

An analytic study of the condition (49) with the
three vectors 1y, r; and H coplanar, has been made
by FisHBECK ! and is just the condition for the
Harper’s operator to form an Abelian group. It can
be shown that the operators (46) and (47) form a
group and do not commute.

Solution of the Dirac Equation for the Rectilinear Periodic Motion of an Electron

A.D. JANNUSSIS

“Demokritos” Nuclear Research Center, Athens, Greece

(Z. Naturforsch. 24 a, 344—349 [1969] ; received 25 February 1967)

In this paper the Dirac equation for a rectilinear onedimensional periodic potential is treated.
It is shown that the energy eigenvalues are periodic functions of the wave number K; and the con-
tinuous spectrum is split into energy bands. The end points of the energy bands are the points

where the Bragg reflection takes place.

These results are obtained by perturbation theory, as well as by the method of determinants,
since the resulting eigenvalue equation has the form of a determinant which is similar to the Hill

determinant.

1. Introduction

We consider the motion of an electron parallel to
the z-axis in a field that is a function of x only. We
suppose that the vector potential 4 is zero every-
where and that e = — V' (z). The Dirac wave func-

tion may be written in the form:
y=f(z) exp{ (i/R) (Pay+Psz—Wi1)}. (1)
Substituting this expression into the Dirac equation
we obtain:
ik PV o)
+agPyot+agPy+agme|f(z) =0
where a;, i=1, 2, 3, 4 are the Dirac matrices and
they satisfy the relations
aa;+a;o;=20;. (3)
The Eq. (2) in scalar function f;(x) has the form:

1 N.MoTT and I. SNEDDON, Wave Mechanics and its Applica-
tions, § 56, Clarendon Press, Oxford 1948.

LA WV, .
—lh’djl” - Ji+riPsyfy=Pyfy—mcf, =0,
s W—V(@ , .
ﬁlhd.r" - [s—=iPsfs+Pyfy—mefy =0,
. 1fs  W—V( .
—ih B+ Iy Lip Py fytmefy =0,
.o dfs | W—=V( g
—lhd':-r . I)f1~1P2f4+P3/;;+m('f1:0.
(4)
If we substitute the expressions !
TP, Py+imc
Jo= K3%’ h=o1— TK' P2 (5)
i.P Pytime
fy=~— ’Ka'(f’z’ fa=®1+ xk P2
where K2=P2+ P2 +m? 2. (6)

We obtain the folowing linear system of differential
equations for the functions ¢; and ¢,

dg, | i W—V(@) K
= THE ¢ Bty =0 (7
dgs i W—V(@ K
& ® o wrgasl

@NOIS)
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SOLUTION OF THE DIRAC EQUATION FOR A PERIODICAL POTENTIAL

The solution of system (7) has the following form
' V@ 4
peew| =y [T V@ g
i e 4
(p-_):exp { = '7:: J‘ 7(71),(1 } ( )

then the new functions 7 (x) and U (z) satisfy the
equations

d 2i W— V(r) 1

W 2ty Ly_o ©)
dV K
rrae el

and the function V() satisfies the second order dif-
ferential equation:
&V _2i -V dV _ K

dz? h c  dz hzrrV:O' (10)

The above equation equals Eq. (20) of PLESSET 2.
PLESSET has studied the case in which the func-
tion V' (x) is a polynomial of any degree in z, or in
1/x. The case of a uniform electric field V' (z) =az,
has been treated by SAUTER ? and that of the simple
harmonic oscillator, 7 (z) =a2* by NIKOLSkrI*.

By substituting (14) into Eqs. (13) the following
coefficients 4, and B,

K . 2n W
hB”+l [(K,-i— Tn>+ﬁé

]A,Z—z

K ; 7 4 .
,ﬁ—A"—ﬁ-L [(KI—F 2(: n)— ’h*C} Bn—l—l

2. Periodic Potential Field

Now we consider the case that the function V ()
is a periodic function of z; also

V() =V(z+a). (11)

For the determination of the Energy eigenvalues W
it is more convenient to use the system of Eq. (7);
then for the very simple case where

V(x)=V0c052—aﬂx (12)
we have to solve the following system
dp @ W—Vyeos@alox K
s T . 1+ 5 P2=0, (13
doy ¥ W VenQ@ude, . K. _
dr R p gy =10

By taking into account the BLOCH 5 theorem we con-
clude that the solution of (13) will be of the form

p1= > A, exp{i(K,+ (2a/a) n)x},

(pgz:zi B, exp{i (K, + (2 2/a) n) x} . (14)

recurrence equations are obtained which connect the

By eliminating the coefficients B, from the equations of the above system we get:

K 22\ Ve W Vo [(W
[h?+(KI+ a) 2 h2 ¢? h202]A"+ hc[(hc '

T
a

Vo
2vh‘c_ (An+1 +An—l) =0 (15)
V
2hoc (Bn+1+Bn~1) =0
”>An+1 (16)

J‘_(%é_.n,)Arle_( o >O[A/z+7+An ]:0

a

The above equation is a fourth order recurrence equation, and some methods will be applied for its solution.

At first perturbation theory will be used.

Before studying (16) it is useful to write it in its normal form:

R2e? R2 hel|llkhe

where

K2=K2—

B T N ey

Vo

e 18)

The Eq. (17) is very similar to the recurrence equation of the Hill type and can be treated in the same

way 8. This procedure is followed in § 4.

2 M. PrEesseT, Phs. Rev. (2) 41, 278 [1932].
3 F. SAUTER, Z. Phys. 69, 742 [1931].
4 K. NikoLsKy, Z. Phys. 62, 677 [1930].

5 F.BrocH, Z. Phys. 55, 555 [1928].
6 E. WHITTAKER and G. WATsON, A Course of Modern Ana-
lysis, The University Press, Cambridge 1927.
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3. Perturbation Theory

We consider the case in which the parameter V/, is small; then by perturbation theory it is possible to
p 0 yp y P
expand the solution and the energy eigenvalues in the form of a series, i. e.

o W ~
An = lgijA’Ll VOI’ ﬁ: = Zg(] WI Vol (19)

with the condition 4,=1. — In addition we have
(Whe) =W32+2Vy WoW,+V2 [2W,Wy+ W]

FVER2W W +2W W] + VA 2W Wy +2W Wy+W21+... . (20)
By introducing (19) and (20) in (16) and by equating to zero the coefficients of the various powers of
the parameter J, we obtain the following recurrence system

2
<W02_ I;(; _Tnz)An.OZO’
K 1 ’ -
(W02__ ”h?; —T”Q)Azz.l+2 WO Wl An.0~ E[(Wo-l— %>A11+1.0+<W0_ ;L)An—l.()} =O’
(Wf— = —T,F)An.g+2 WoWidns+ W Wyt Wi 40
1 7 4 # ] L

= hC|:<W0+ Z')An#l.l_l'(WO_ Z)A11—1.1+W1(A11+1.0 +A11—]J)) J+ 47‘127(,‘2 (A’1+2-0+A”_2'“) :O’
(WO‘Z._ [;i(;" _T712>An,3+2 WO Wl An.‘_’ = (2 WO W2+W12) A”'l (21)

A (2 WO W3+2W1 W;,) A,,.()— hlc’li(Wo‘Jr Z)A11+1.2+ (W()_ Z)An—].?

1

J_WI(A,“LI—}-A,,‘LO +W2(A/1+1.O+An—1.0) ]J_ 4 k22 [A'1+2~1+A”'2'1] :0’

where we have put Tn= (KI+ 2(1” n)

The above system can be easily solved in the following way.
First equation:

[WOZ_ (K02/h2) _Tn2] An.():o- (22)
Because of the condition 4,=1 this equation has the solution

An0="0n0. (23)
The energy eigenvalues are
Wo2= (K,>+hk?K,?) [h?

or Wo=tVK2+h2K,2 k. (24)

These are exactly the energy eigenvalues of the free Dirac electron.

Second equation:
) K(J? 2 1 7 T 7 T =
(W2 — 5 —1.2) s+ 2W Wi Ao 5 [(Pot Z) duarcot (W Z) ducra] =0, (25)

For n=0 it follows that ;=0 and for n= £ 1 we have
1 W (/e 4 L Wt
he To2—Tg32° AT R T TE—Tg2

In addition A, ;=0 and A4,;=0 for ' n|>1.

A1.1:
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Third equation:

2 2 ’ 1 . . :
(TO.'—Tn-) An,2 +2W()W2An,0_ hc[<W0+ Z>A11+1,1+(W - Z)An—l IJ (27)

+ 4h"€" [An+70+An 20] =

For n=0 we have

1 7 7
2o We= 55 |(Pot 2) st (Wo— ) ds4]

W2— (7%/a®) i ol N N . (‘l /a) 1
or W= - ”27th0 [T(F—TfZ k Tog“T—lz}_ 4hCWo (Kz— (/a))(Kz+ (7/a)) (28)
For n==%11is A+1,2=0 and for n= 122 we have
1 (Wy— (7)) =3 (T =T, 1 L’Vo:*:&",’/”)y;igo T4
Ao2= oo @emrpae-ry 0 AT we qeorpae-ron 0 29
We also have Ay =0 and A4,:=0 for |[n|[>2.
Fourth equation:
il 7
(TE—T,2) Apy +2WoWodn 1 +2WoWsdyo ,”_L;[(WOJr ;’)AM,2 _—
7 1
+ (Wom Z) Aus.at We (dusrot Auord) |+ 4 b s (Anas 1+ Anoss) =0
For n=0 it follows that W3=0 and for n=*1 we have
1 1 7 1
3= pa_7p { 2WoFadiat 33 (W0+ Z)A?’ZJFW‘—’J_ 4h2c2A"1’1‘|’ (31)
1 1 7 il
A ro= gacs | ~2WeWad sit 52 |(Wom T) A ns+Wo| — e 4u ]
For n= 12 is A+53=0 and for n= £ 3 we have
1 W 1 Wi+
dp 8= 5 Too_(;v/?Ae,z, Ass= 4, o (;{G)A 2,2 (32)

In addition we have 4y 3=0 and A4, 3=0 for |n|>3.
The right hand members of (31) and (32) are all known, because of (24), (26) and (29).

Fifth equation:

(To>—Ty%) Ana +2WoWydn o + QW Wa+Ws?) Ano (33)
- hlé [(W0+ Z)A,H1,3+ (Wo— Z>A7z—1,3 +W2(An+1,1+An-1,l)] +2 hlg'ég’ [Ani22+A4n-22]=0

For n=0 we obtain

2Wy Wet Wam o [(Wot 7) st (Wom ) Aosa 4 Woldii 44 0n) | = e (o2t 4] (39)

By substituting the already known values of W5, A+ 1 and A+s s, A+1 3 we find the following expres-
sion for W:

w.— L { _Wre L | YY) —RTE—T1)]"—4 Wt (a%)a’)
2w, 2T e (TE—T)?2 (T32—T5)
[ 2-I-(‘r:’/az)—é(To =T 2)]2 —4 Wo?(‘t:’/aﬁ)} 1 Wi+ (2la) (35)
e (TO 2) (To o) 2 k4t (T 2T 2) (Toz—T—lz)

L W= (a%[a?) 71””7#7771 ) 1 1 W2 2)( 1 ,_1__7‘)]}
N h3 Tog"T12 ‘ T02“‘T12 To2_T12 o Tog_T—l A (To T12)2 B (TOZ_T-lz)z ’
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By proceding in the same way we can calculate the coefficents 4, ; and #;. So we find the following solu-
tions:

Wy We—(ala) | VP { . : 1 .7 o
A =% oot T Tp—rp| "2 WoWadiat hc<W2+(W0+ a)A?-'-’) h?cz'Avlvl}J“""

4
Yy Wyt (/e VP [ " 1 ' a) 1
Avl_ he T3*—T_* ‘ TyP=T -4 -2WOW/2A—1’1+ hé(W2+ (.WO_ G)A'2'2> 4 k2 c? Al'l] * X
> (. — 2_1(T2_T2
A, — Vo> (Wo— (a/a))*—1(Ty*—T, )7+0(V04)’

- R2 2 (To2_T12) (Toz_ng)
_ Ve (Wt (@a)—1(T@—T-?) - (36)
A~2_ R2 2 (T02_T;12) (T02-T_.22) +0(I 0 )’

Vo"” (Wo— (/@) [(Wo— (n/a))*— 1 (Tuz_rrlgi)]

A3 T R (T2 —T2) (T2—T.%) (TO'Z—T,;Z)’ + O(VO;’) )
_ Ve (Wt (@) [(Wo+ (2/a) =3 (T3 =T )] 5
A73~ R (To?_T—lz) (Toz‘T—zg)(Toz_Tfag) +0(V0 )7
The energy W is given by the series:
B V2 s 1 i 1 4
W—te|W,+ mWﬁ(rVO . ag>(T02_T1ﬁ Tf—T_f) VAW ... ] (37)

We observe that the perturbation method adopted here is the same as that of the nonrelativistic motion of
the electron, i. e. the case of the Mathieu equation 7.
The calculated energy as well as the coefficients of the series diverge at the point where

K2=[K, + (27/a) n]? (38)

and as is well known from the quantum theory of metals, at these points the Bragg reflection 8 takes place.
These points correspond to the ends of the energy bands.

Since the energy W takes positive and negative values, the same happens with ¥.

The energy spectrum consists of energy bands as happens in the classical case, the difference being that
the positive and negative eigenvalues are symmetric.

The points at which splitting of the continuous spectrum takes place are just the points where the Bragg
reflection occurs.

4. The Method of Determinants

Before examining the recurrence Eq. (16) by using the method of determinants®, we shall combine it
with the corresponding Klein-Gordon equation °.
The Klein-Gordon equation is of the form

dy+ ( ,—_}Cf W=V @Py="oly (39)
and has the following solution
w=exp{(i/h) (Pyz+Pyy) } U(x) (40)

when U (x) satisfies the second order differential equation

FU (PR WY@, e
da® h2c® R h2c2 | R2¢2

) U=0. (41)
7 J. MeixNeR and F. SCHAEFKE, Mathieusche Funktionen und Sphéroid-Funktionen, Springer-Verlag, Berlin 1954.

8 A. WiLsoN, Theory of Metals, 2nd Edit., Cambridge Univ. Press, Cambridge 1953.

® A. MEessiaH, Mecanique Quantique II, Chapitre XX, 5, Dunod, Paris 1960.
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The above equation for the potential energy (12) has the form of an equation of the Hill type 7, i. e.

M TRt B iy
and its solution is of the form U () TES” expli (K, + (27/a) n)z} (43)
when the coefficients C, satisfy the following recurrence equation:
(s = 5 = (Ket 22n)) Cam o2 (Cart+-Cact) + ot (Cave+Caog) =0. (44)
The above equation is identical to (16) up to the term  — ;:;Z "Z (Ap1—A,_1).

The study of Eq. (44) is already known and the condition of the determination of the eigenvalues leads
to the following expression:

S K
cosK,a=1—-24(0) sin%a 1/ = Ky (45)

R2c2 R?
where 4(0) is the Hill determinant® by K,=0.

The determinant 4(0) is an even function of W i.e. A4(0,W) =A4(0, —W).

We also notice from the eigenvalue equation (45) that the energy W is a periodic function of K, with
period 2 77/a i.e. we just have the Bloch condition i. e. the energy is an even function of the wave number
K, and in addition a periodic function with period 2 :/a.

The above method of determinants will be applied to the recurrence Eq. (16). It is easily shown that
the eigenvalue equation has the same form as (45), also

cosK,a=1—A4"(0) singa‘l/%—%; (46)
where 4" (0) is the following determinant
A(0) — Viea* . ) Ve W—(ale) 1
O = ghect @me— (YRt ) — Kot/ @) 2Rt at @)= (WA ) — (K] (atfed) *
Vo2 a? W+ (7/a) Vo a® 1 (47)

2Rt 2n) - [(W2fRE &) — (KPR (@¥fa%) * 8 W2 (2n)*— [(WPh2 &) — (K2 /h?)] (@¥a®)
This determinant is an even function of the energy W i.e. 4(0, W) =4"(0, —W) and in addition from
(46) it follows that W (K,) is also a periodic and even function of K, with period 2 7t/a.

From the above we notice that the relativistic motion of the electron in a onedimensional periodic poten-
tial gives an energy spectrum which consists of energy bands.



